Abstract. Suppose/: Dx -» D2 is a proper holomorphic mapping between bounded domains in C". We shall prove that under certain circumstances/must be a rational mapping, i.e., that the n component functions/, of /are rational functions. Theorem 1. Suppose Dx is a bounded domain in C" whose associated Bergman kernel function is a rational function and suppose D2 is a bounded circular domain in C" that contains the origin. Then any proper holomorphic mapping f: Dx -* D2 must be rational.
Theorem 1. Suppose Dx is a bounded domain in C" whose associated Bergman kernel function is a rational function and suppose D2 is a bounded circular domain in C" that contains the origin. Then any proper holomorphic mapping f: Dx -* D2 must be rational.
The ball and the polydisc are examples of domains with rational kernel functions. Later in this note, we shall prove that Rudin's domains [3] that occur as proper images of the ball also have rational kernel functions.
The proof of the theorem uses the transformation formula for the Bergman kernel under proper holomorphic mappings proved in [1] . Let Kx(z,w) and K2(z,w) denote the kernel functions associated to Dx and D2. The Remmert Proper Mapping Theorem asserts that/is a branched cover of some finite order m. Let Fx, F2,...,Fm denote the inverses to / that are defined locally on D2 minus the image of the branch locus under/. We shall write u = det[/'] and Uk = det [F¿] . The kernel functions transform according to u(z)K2(f(z),w)= ZKx(z,Fk(w))Uk(w).
The theorem will follow from the transformation formula and two lemmas, which we now list. Let w be a fixed point in D2 and let 3a = a"/aw" denote the standard holomorphic differential operator of order a. The first lemma concerns the linear functional A on the space H(DX) of holomorphic functions in L2(DX) given by Im \ Ah = da\ E Uk(h°Fk) (w). We shall now prove the theorem assuming the truth of the lemmas. Let {£,,... ,Çq} = f~l(0). Lemma 1 implies that there are constants cjß such that / a m \ q \ir:Zuk(hoFk) (0)=E ZcjJ'hÜ,)
for all h in H(DX). Hence, if we differentiate the transformation formula with respect to vv, and set w = 0, we obtain the formula
Here we have written Kf(z,w) for (dß/dwß)Kx(z, w). This formula yields that u(z)K{(f(z),0) is a rational function of z. Similarly, u(z)K2(f(z),0) is a rational function. Finally, Lemma 2 can be used to deduce that/(z) is a constant times
which we know to be a rational function. Theorem 1 is reduced to proving Lemma 1.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Proof of Lemma 1. Let 6 be a C°° radially symmetric function that is supported in the unit ball of C" with /© = 1. Let 0e(z) = E-2"@((z -w)/e) and @£a = (_l)l«ig«0£. Note that @« is supported in the ball Bt = 77(w; e) of radius e centered at w. Let e > 0 be small enough that Be c D2. Now Remark. If fi is a bounded domain in C, let <bQ denote the complex linear span of the set {(da/dwa)K(z, w): w e ß; |a| > 0} where K(z, w) is the Bergman kernel for Q. During the course of the proof of Theorem 1, the following fact was also shown to be true. Rudin's domains. In [3] , Rudin studied a class of bounded domains in C" that arise as images of the unit ball 77 in C" under a proper holomorphic mapping. We shall now show that Rudin's domains have rational Bergman kernel functions.
Let G be a finite subgroup of the group of unitary transformations of C". Suppose further that G is generated by the reflections that it contains. The Rudin domain RG associated to the unitary reflection group G is defined as follows. The ChevalleyHilbert Theorem (see [3] ) asserts that there are exactly n homogeneous G-invariant polynomials/>,,/?2,...,/>" which generate the ring of all G-invariant polynomials.
Define a mapping P: C" -» C via P(z) = (px(z),... ,pn(z)). Ruding proved that P maps B properly onto P(B). The domain RG is defined to be P(B).
Let KB(z, w) denote the Bergman kernel for B and Kc(z, w) the kernel for Rc. Since F is a branched cover of some finite order m, we may let Fx,... ,F", denote the local inverses to P that are defined on a dense open subset of RG. The number m is also equal to the order of the group G. We shall write u = det[ We shall use formula (1.1) together with the following lemma to prove that KG(z, w) is rational. Notice that Q(z, w) is a polynomial on C2" that is G x G invariant. It can be shown that the set of G X G invariant polynomials is generated by
where (z, w) is a point in C2" = C" X C". Hence, there is a polynomial A(z, w) on C2" such that Q(z, w) = A(P(z),P(w)).
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Since RG is a bounded circular domain that contains the origin, Lemma 3 applies.
Notice that formula (1. if |a| + \ß\ is sufficiently large, then u(x)P(x)aP(C)ßu(C) is a homogeneous polynomial in x and f of high degree, and the integrals above vanish. This completes the proof that KG(z,w) is rational.
Remark. By combining Rudin's results with results of the present work, we are able to obtain
